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The perforated plates and membranes are widely used in the
numerous technical applications, some examples are shown in
the Fig. 1. Modern technological processes use perforated struc-
tures in the form of nanopore materials, e.g., porous silicon, zeo-
lites, etc.
Themechanical analysis of perforated structures is a very impor-
tant and a rather complicated task. Signiﬁcant number of mathe-
matical studies deals with the analysis of the boundary-value
problems in perforated regions. They utilize a variety of approaches,
in particular, the G-, H- andC- convergence (Cioranescu and Paulin,
1979; Dal Maso and Murat, 1997; Duvaut, 1977; Lions, 1980; Naz-
arov and Slutskii, 2006; Oleynik et al., 1986, 1992), two-scale con-
vergence (Calvo-Jurado and Casado-Díaz, 2002; Casado-Díaz,
2000), unfolding method (Cioranescu et al., 2006, 2008). It can be
shown that all these approaches are equivalent for the linear or
quasi-linear problems.
As a rule, the mathematical studies are devoted to formulation
and proof of theorems of existence and uniqueness of the solution,ll rights reserved.
: +1 902 423 6711.
en.de (I.V. Andrianov),
v@dal.ca (A.L. Kalamkarov).and to the formalism and convergence of the asymptotic process.
The analysis of the unit cell problems in these studies is limited
by a proof of their solvability. The further treatment and applica-
tions to the mechanical problems of practical interest remain be-
yond these mathematical studies. And it is commonly assumed
that the further applications should be based on use of some
numerical algorithms, as a rule, on the FEM.
Extensive survey of literature on a study of the perforated mem-
branes, plates and shells from the viewpoint of mechanics of plates
and shells is given in the monographs by Grigolyuk and Fil’shtinsky
(1970) and Lewinski and Telega (2000).
The properties of the homogenized operators are studied by a
number of authors. For example, Berlyand (1983a,b) has shown
that if perforations are located in the points of a square lattice, then
the homogenized plate is orthotropic, and if the unit cells have a
form of regular hexagons, then the homogenized plate is isotropic.
The properties of the coefﬁcients of the homogenized operators are
investigated by Bakhvalov and Panasenko (1989) and Kalamkarov
(1992).
In a number of works the solution of the unit cell problem is ob-
tained under the assumption of small concentration of perfora-
tions, and the effective coefﬁcients are found in the form of
expansions in powers of the corresponding small parameter
(Berlyand, 1983a,b; Berlyand and Chudinovich, 1983). In some
Fig. 1. Examples of perforated plates used in industrial applications.
Fig. 2. Cross section of a rod periodically perforated by the square holes.
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lems can be obtained, see Kalamkarov (1992). The explicit formu-
lae for the effective stiffnesses are very useful, especially for the
design and optimization of composite materials and structures,
see Kalamkarov and Kolpakov (1997).
The use of technique of double-periodic analytical functions
(Grigolyuk and Fil’shtinsky, 1970; Mokryakov, 2010) and integral
equations (Helsing and Jonsson, 2003) makes it possible to reduce
problems for perforated plates to the system of linear algebraic
equations, regular or quasi-regular, which is solvable by the meth-
od of reduction.
The mean ﬁeld theory is used by Shevlyakov and Skoblin (1993)
to determine the effective bending characteristics of a plate, irreg-
ularly perforated by a large number of holes of a different shape. In
particular, the effective characteristics of a plate, perforated by the
elliptical holes are calculated. It is shown that the obtained approx-
imate Young’s and Shear moduli of the plate, perforated by the
similar circular holes, are close to the exact values of these moduli
determined in the case of a regularly perforated plate.
The problem of torsion of a perforated rod has been studied by
Lukkassen et al. (2009). Authors used homogenized approach and
they solved the unit cell problem numerically.
Movchan et al. (2002) used a lattice approximation in their
study of dynamics of the perforated membranes.
The main purpose of the present work is to develop the mathe-
matically justiﬁed methods of solution of the static and dynamic
problems for the plates and membranes densely perforated by
holes of different shapes. Our approach is based on the combina-
tion of the asymptotic technique and the multi-scale homogeniza-
tion method. The basic idea of this approach is the following. In
order to solve the original problem the domain of a plate is consid-
ered to be composed from a large number of characteristic periodic
sections, the unit cells. And a small non-dimensional parameter is
introduced as the ratio of the characteristic dimension of the unit
cell to the smallest characteristic dimension of the entire domain.
Further, using the multi-scale homogenization method, see, e.g.,
Bensoussan et al. (1978), Sanchez-Palencia (1980), Bakhvalov and
Panasenko (1989), Duvaut (1977), Kalamkarov (1992) and Kala-
mkarov et al. (2009), the original boundary-value problem is re-
duced to the combination of two types of problems. First one is a
recurrent system of unit cell problems with the conditions of peri-
odic continuation. And the second problem is a homogenized
boundary-value problem for the entire domain, characterized by
the constant effective coefﬁcients obtained from the solution of
the unit cell problems. The combination of the methods of pertur-
bation of the shape of boundary and the technique of successive
approximations is applied for the solution of the unit cell prob-
lems. If the holes are small, then they are ﬁrst examined in the inﬁ-
nite region, i.e., only the conditions on the internal boundary of the
unit cell are taken into account. Solution of this problem is ob-
tained using the method of perturbation of the shape of boundary(Guz and Nemish, 1987). According to this approach the internal
boundary of the unit cell in the ﬁrst approximation is substituted
by a circle, and further the real shape of the internal boundary is
taken into account in the subsequent approximations. The solu-
tions obtain in this way leave some discrepancies in the conditions
of the periodic continuation on the outer boundary of the unit cell.
These discrepancies are compensated by the solution of the bound-
ary-value problem for the domain without perforations, in which
only the conditions on the outer boundary of the unit cell are taken
into account. Note that the above described approach basically rep-
resents the realization of the Schwarz alternating method (Kant-
orovich and Krylov, 1958).
Present paper is dealing with the static problems for the perfo-
rated plates and membranes with small holes. Static and dynamic
problems for the perforated plates and membranes with large
holes are addresses in the Part 2 of the present work, see Andrianov
et al. (2012).
Following this introduction, the rest of the paper is organized as
follows: the asymptotic technique used in the present work is
introduced in the Section 2 by an example of the problem of tor-
sion of a rod with perforated cross-section. The obtained solution
also describes the deﬂection of the perforated membrane loaded
by a normal load. In the Section 3, the problem of bending of the
perforated plates with circular and square holes is analyzed. The
error estimation is discussed in the Section 4. Finally, conclusions
and generalizations in the application of the asymptotic homogeni-
zation method are presented in the Section 5. The regularization of
the solutions for the inﬁnite domain is provided in the Appendix A.
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vided in the Appendix B.
2. Torsion of a rod with perforated cross-section and deﬂection
of the perforated membrane
We will introduce the asymptotic technique by considering a
problem of torsion of an elastic rod with a cross section periodi-
cally perforated by square holes, see Fig. 2. This problem can be re-
duced to following Poisson’s equation for the warping function U:
DU  U0xx þ U0yy ¼ qðx; yÞ; ð2:1Þ
where q(x,y) is external load. Here and in the sequel, comma de-
notes the partial derivatives.
Assume the following conditions on the boundary of the region
@X and on the boundary of each of the holes @Xk:
Uðx; yÞ ¼ 0 on @X; U0nk ¼ 0 on @Xk; ð2:2Þ
where nk(x,y) is the outer normal unit vector to the boundary of the
hole @Xk.
Note that the boundary-value problem (2.1) and (2.2) also de-
scribes the deﬂection of the perforated membrane loaded with a
transverse load. Consequently, the solution obtained below is
applicable in this case. More details will be given below.
Subdivide the original region into the periodic set of sections X
each of them containing a single hole, as it is shown in the Fig. 2.
Note that periodicitywill be disrupted in theneighborhoodof the
boundary @X. Sections X represent the unit cells, and we assume
that they are square with dimensions 2a 2a. We denote the char-
acteristic linear dimension of entire region by L, and assume that
L 2a. We also assume that the characteristic scale of variation of
the external load q(x,y) is substantially greater than the dimension
of the unit cell. Then it is possible to deﬁne a small dimensionless
parameter e ¼ 2a=L 1, and introduce the ‘‘rapid’’ variables
n ¼ x
e
; g ¼ y
e
: ð2:3aÞ
For the ‘‘slow’’ variables we leave the above notation x and y.
The derivatives with respect to the coordinates x and y and to
the normal are transformed as follows:
@
@x
! @
@x
þ e1 @
@n
;
@
@y
! @
@y
þ e1 @
@g
;
@
@nkðx; yÞ ! nkðn;gÞ i
@
@x
þ j @
@y
 
þ e1 @
@nkðn;gÞ ; ð2:3bÞ
where i and j are the unit vectors of coordinates n and g.
Using the multi-scales asymptotic approach, we express the
solution of the boundary-value problem (2.1) and (2.2) in the form
of asymptotic expansion in powers of the small parameter e
Uðx; yÞ ¼ U0ðx; yÞ þ eU1ðx; y; n;gÞ þ e2U2ðx; y; n;gÞ
þ e3U3ðx; y; n;gÞ þ    ; ð2:4Þ
where U1,U2, . . . are periodic functions in variables n and g with
period L.
Substituting expansion (2.4) in Eq. (2.1) and boundary
conditions (2.2) and taking into account Eq. (2.3), we obtain the
following recurrent system of boundary-value problems:
U1;nn þ U1;gg ¼ 0; ð2:5Þ
U1;nk ¼ nk i
@
@x
þ j @
@y
 
U0 on @Xk; ð2:6Þ
U2;nn þ U2;gg þ 2ðU1;nx þ U1;ygÞ þ U0;xx þ U0;yy ¼ qðx; yÞ; ð2:7Þ
U0 ¼ 0 on @X; ð2:8Þ
U2;nk ¼ nk i
@
@x
þ j @
@y
 
U1 on @Xk; ð2:9Þ
. . .First we solve the boundary-value problem given by Eqs. (2.5)
and (2.6). This is a unit cell problem, and the function U1(x,y,n,g)
satisﬁes the conditions of periodic continuation, i.e., the values of
this function and its derivatives on the opposite sides of the unit
cell must be equal. Next, we apply the following averaging opera-
tor to the boundary-value problem given by Eqs. (2.7)–(2.9):
1
jXkj
Z Z
Xk
ð. . .Þdndg; ð2:10Þ
where Xk is a unit cell domain without hole.
And as a result, we get the following homogenized boundary-
value problem:
1
jXkj
Z Z
Xk
ðU1;nx þ U1;gyÞdndgþ DU0 ¼ qðx; yÞ; ð2:11Þ
U0 ¼ 0 on @X: ð2:12Þ
In order to solve the boundary-value problem (2.5) and (2.6) we
apply the following approach. For convenience in further derivation
we replace the square contour by a smooth contour in the shape of a
square with the ﬁlleted corners. In this case the function, which
realizes the conformalmapping of inﬁnite planewith a circular hole
onto the inﬁnite plane with the hole in a shape of a square with the
ﬁlleted corners, is used. This function can be written as follows:
z ¼ nþ ig ¼ fþ e1f3; f ¼ q expðiuÞ:
Here q and u are polar coordinates, and i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
.
The equation of the contour in this case takes the form
f ðfÞ ¼ R½fþ e1f3	:
In the case of square we obtain: e1 ¼ 
 19 ; R ¼ 0:9e1b.
Neglecting the small members of the higher order, the bound-
ary of the hole @Xk can be approximated by the expressions
n ¼ 0:9e1b cosu
 1
9
cos 3u
 
; g ¼ 0:9e1b sinu 1
9
sin3u
 
:
Subsequently we will use the more general expression, which
realizes a homotopic mapping from the circular hole to the square
hole with the ﬁlleted corners
n ¼ Rðcosuþ e1 cos 3uÞ; g ¼ Rðsinu e1 sin 3uÞ; ð2:13Þ
R ¼ e1b=ð1þ e1Þ; 0 6 u 6 2p; 0 6 je1j 6 19 :
Area of the hole described by the Eq. (2.13) differs little from the
square with the rounded corners. Note that the singularities in the
corner points of the original hole are not taken into account with
this approximation. However, this does not make a substantial
inﬂuence on the global characteristics, including the effective coef-
ﬁcients. For determining the local characteristics some additional
technique should be used to take into account these singularities.
We further apply the expansion in terms of size of the region. In
the ﬁrst approximation, assuming small size of the hole, we turn to
the problem of a hole in the inﬁnite region, This problem is formu-
lated in the polar coordinates q, u as follows:
DqU1 ¼ 0; Dq ¼ @
2
@q2
þ q1 @
@q
þ q2 @
2
@u2
; ð2:14Þ
U1;q þ 4RU1;ue1 sin 4u ¼ U0;x cosu U0;y sinu
þ 4ðU0;x sinu U0;y cosuÞe1 sin 4u ð2:15Þ
on q ¼ Rð1þ e1 cos 4uÞ;
U1 ¼ 0 for q!1: ð2:16Þ
Solution of the boundary-value problem given by Eqs. (2.14)–
(2.16) can be expressed in terms of expansion in powers of e1
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It is necessary to transfer the boundary condition (2.15) from
the contour q = R(1 + e1cos4u) to the circle q = R using the expan-
sion in Taylor series according to the method of perturbation of the
shape of boundary, see Guz and Nemish (1987),
FðRð1þ e1 cos 4uÞ;uÞ ¼ FðR;uÞ þ Re1F1ðR;uÞ cos 4uþ    ;
ð2:18Þ
where F(q,u) is a sufﬁciently smooth function, and F1ðR;uÞ ¼
@Fðq;uÞ
@q

q¼R
.
Note that the approach that we use here is applicable for the
Laplace equation as well as for the biharmonic and some more
complex problems, see Guz and Nemish (1987).
Substituting expansion (2.17) in Eqs. (2.14)–(2.16) and taking
into account Eq. (2.18), we obtain the recurrent sequence of the
boundary-value problems
DqU10 ¼ 0; ð2:19Þ
U10;q ¼ U0;x cosu U0;y sinu on q ¼ R; ð2:20Þ
U10 ¼ 0 for q!1; ð2:21Þ
DqU11 ¼ 0; ð2:22Þ
U11;q ¼ RU10;qq cos 4u 4RU10;u sin 4u
þ 4ðU0;x sinu U0;y cosuÞ sin 4u on q ¼ R ð2:23Þ
U11 ¼ 0 for q!1; ð2:24Þ
. . . ::
After ﬁnding solution of the problems (2.19)–(2.21) and (2.22)–
(2.24) using the method of separation of variables and after substi-
tuting them into the expansion (2.17), we obtain
U1ðq;uÞ ¼ R
2
q
ðU0;x cosuþ U0;y sinuÞ
þ e1  R
4
q3
ðU0;x cos 3u U0;y sin 3uÞ
"
þ R
6
q5
ðU0;x cos 5uþ U0;y sin 5uÞ
#
þ    ð2:25Þ
In the Cartesian coordinates Eq. (2.25) yields
U1ðx; y; n;gÞ ¼ R
2
n2 þ g2 ðU0;xnþ U0;ygÞ
þ e  R
4
ðn2 þ g2Þ3 U0;xnðn
2  3g2Þ þ U0;ygðg2  3n2Þ
 (
þ R
6
ðn2 þ g2Þ5 U0;xnðn
4  10n2g2 þ 5g4Þ
þ U0;ygðg4  10n2g2 þ 5n4Þ
#)
: ð2:26Þ
The obtained solution has a discrepancy in the conditions of
periodic continuation, which is compensated by the additional
solution V for the unit cell without hole, taking into account only
condition on the outer boundary of the unit cell. This approach is
a version of the Schwarz alternating method (Kantorovich and Kry-
lov, 1958). The Schwarz alternating method is an iterative ap-
proach to ﬁnd the solution of a partial differential equation in a
domain which is a combination of two overlapping subdomains,
by solving the equation on each of the two subdomains in turn,
and always assuming the latest values of the approximate solu-
tions as the boundary conditions. In our case, we ﬁrst solve the
problem for a hole in the inﬁnite domain. And as a result we obtaina discrepancy in the conditions of the periodic continuation. To
compensate this discrepancy we solve the problem for a square do-
main without holes, which leads to a discrepancy at the contour of
the hole. This procedure can be continued, but we truncated the
calculation at this stage. As a result we arrive to the following
boundary-value problem:
V ;nn þ V ;gg ¼ 0; ð2:27Þ
Vða;gÞ  Vða;gÞ ¼ f1ðgÞ; V ;nða;gÞ  V ;nða;gÞ ¼ f2ðgÞ; ð2:28Þ
Vðn; aÞ  Vðn;aÞ ¼ w1ðnÞ; V ;gðn; aÞ  V ;gðn;aÞ ¼ w2ðnÞ; ð2:29Þ
where
f1ðgÞ ¼ 2R
2a
a2 þ g2 1þ e1
R2ð3g2  a2Þ
ða2 þ g2Þ2
þ R
4ð5g4  10a2g2 þ a4Þ
ða2 þ g2Þ4
" #( )
U0;x;
f2ðgÞ ¼  4R
2agU0;y
ða2 þ g2Þ2
 1þ e1 6R
2ðg2  a2Þ
ða2 þ g2Þ2 þ
5R4ð21g4  10a2g2  15a4Þ
ða2 þ g2Þ4
" #( )
;
a ¼ e1a; wiðnÞ ¼ fiðgÞ for g$ n; x$ y:
The solution compensating discrepancy, takes the form
V ¼
X
n¼1
Að1Þn cosh
npg
2a
þ Bð1Þn sinh
npg
2a
 	
sin
npðnþ aÞ
2a


þ Að2Þn cosh
npn
2a
þ Bð2Þn sinh
npn
2a
 
sin
npðgþ aÞ
2a

; ð2:30Þ
where Að1Þn ; B
ð1Þ
n ; A
ð2Þ
n ; B
ð2Þ
n are the coefﬁcients determined from the
boundary conditions (2.28) and (2.29), in which it is preliminarily
necessary to expand the functions fi(g), wi(n) in the Fourier series
on the segment (a,a)
Að1Þn ¼
1
np sinh np2
Z a
a
w2ðnÞ sin
npðnþ aÞ
2a
dn;
Bð1Þn ¼
1
2a sinh np2
Z a
a
w1ðnÞ sin
npðnþ aÞ
2a
dn;
Að2Þn ¼ Að1Þn ; Bð2Þn ¼ Bð1Þn for 1$ 2; n$ g; w$ f :
Substituting obtained solutions (2.26) and (2.30) into the Eq. (2.11)
we obtain the following homogenized equation:
AðU0;xx þ U0;yyÞ ¼ qðx; yÞ; ð2:31Þ
where
A ¼ 1þ 1
4ða2  R2Þ
Z Z
Xk
@
@n
 R
2n
n2 þ g2 þ e1 
R4nðn2  3g2Þ
ðn2 þ g2Þ3
þ R
6nðn4  10n2g2 þ 5g4Þ
ðn2 þ g2Þ5
" #(
þ
X
n¼1
Að1Þn cosh
npg
2a
sin
npðnþ aÞ
2a
þ Bð2Þn sinh
npn
2a
sin
npðgþ aÞ
2a
 )
 dndg: ð2:32Þ
The proposed analytical solution of the unit cell problem is the
combination of the methods of perturbation of the shape of the
boundary and the Schwarz alternating method. To estimate the
accuracy of this solution we compare it with the numerical solu-
tion, obtained using FEM (Bourgat, 1979). For b=a ¼ 1=3,
e = 0.125 the coefﬁcient A of the homogenized Eq. (2.31) is equal
to 0.88 (it was assumed in calculations that e1 = 1/9). Whereas
the numerical solution gives A = 0.80. Thus, even for the case, when
the hole is not very small, an error in the obtained analytical solu-
tion does not exceed 9%.
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cular holes assuming e1 = 0.
As above mentioned, the obtained solution is applicable to the
analysis of deﬂection of a perforated membrane, subjected to the
uniform tension T applied along the outer edge of the membrane
and loaded with transverse load q(x,y). Indeed, the deﬂection u
of such a membrane satisﬁes the following equation:
Tðu;xx þ u;yyÞ ¼ qðx; yÞ: ð2:33Þ
If the boundaries of the holes are free of stresses, then it is pos-
sible to use the above obtained results and write down the homog-
enized equation as follows:
TAðu0;xx þ u0;yyÞ ¼ qðx; yÞ; ð2:34Þ
where the coefﬁcient A in the Eq. (2.34) is deﬁned by the Eq. (2.32).
3. Bending of a perforated plate
Bending of a rectangular plate, periodically perforated by the
square holes, as shown in the Fig. 3, is described by the biharmonic
equation in the multiconnected domain
D2w  w;xxxx þ 2w;xxyy þw;yyyy ¼ qðx; yÞ=D; ð3:1Þ
where D ¼ @2
@x2 þ @
2
@y2 ; and D ¼ Eh
3
12ð1m2Þ is the ﬂexural rigidity, h is the
thickness of plate, E is the Young’s modulus, m is the Poisson’s ratio,
and q(x,y) is the external transverse load.
Assume that the boundaries of holes @Xk are free of loads, then
 ðDwÞ;nk þ ð1 mÞ
1
2
ðw;xx w;yyÞ sin 2hw;xy cos 2h

 
;sk ¼ 0 on @Xk
ð3:2Þ
Mn ¼ Dwþ ð1 mÞðw;xy sin 2hw;xx sin2 hw;yy cos2 hÞ ¼ 0 on @Xk;
ð3:3Þ
where h is the angle between x-axis and normal nk to the boundary
of the hole; and sk is a tangential vector to the boundary of the hole.
Assume that the outer boundary of the plate @X is simply sup-
ported, i.e.,
w ¼ 0;Mn ¼ 0 on @X: ð3:4Þ
Note that the boundary conditions of other types are also possible. If
they don’t restrict a movement of the plate as a solid body, the
external loading must be self balanced.
Subdivide the plate into the periodic set of sectionsX each con-
taining a single hole, as it is shown in the Fig. 3. Assume that the
characteristic period of external load q(x,y) and the smallest char-
acteristic dimension of plate L are substantially larger than the sizeFig. 3. eriodically perforated plate.of the periodicity cell, so that e ¼ 2a=L 1. Then it is possible to
introduce the rapid variables (2.3a), and expressions for the corre-
sponding derivatives (2.3b).
Express solution of the problem (3.1)–(3.4) in expansions in
powers of the small parameter e
wðx; yÞ ¼ w0ðx; yÞ þ ew1ðx; y; n;gÞ þ e2w2ðx; y; n;gÞ þ . . . ; ð3:5Þ
where functions w1,w2, . . . are periodic in variables n and g with
period L.
Substituting expansion (3.5) in Eqs. (3.1)–(3.4) and taking into
account Eq. (2.3), we obtain the following recurrent system of
boundary-value problems, to which it is necessary to add the peri-
odic continuation conditions:
D21w1  w1;nnnn þ 2w1;nngg þw1;gggg ¼ 0; ð3:6Þ
L1½w1	  w1;nnn cos h 1þ ð1 mÞ sin2 h
h i
þw1;ggg sin h 1þ ð1 mÞ cos2 h
 
þw1;ngg cos h 1þ ð1 mÞð1 3 sin2 hÞ
h i
þw1;nng sin h 1þ ð1 mÞð1 3 cos2 hÞ
  ¼ 0 on @Xk; ð3:7Þ
M1½w1	  w1;nn 1 ð1 mÞ sin2 h
h i
þw1;gg 1 ð1 mÞ cos2 h
 
þ ð1 mÞw1;ng sin 2h	
¼ 0 on @Xk; ð3:8Þ
D21w2 ¼ 4 ðD1w1Þ;xn þ ðD1w1Þ;yg
h i
; ð3:9Þ
L1½w2	 ¼3w1;xnn cosh 1þð1mÞsin2 h
h i
3w1;ygg sin 1þ1ð1mÞcos2 h
 
 2w1;ygnþw1;xgg
 
cosh 1þð1mÞ 13sin2 h
 	h i
 2w1;xngþw1;ynn
 
sinh 1þð1mÞ 13cos2 h   on @Xk;
ð3:10Þ
M1½w2	 ¼ M2½w0	  2w1;xn 1 ð1 mÞ sin2 h
h i
 2w1;yg 1 ð1 mÞ cos2 h
  ðw1;xg þw1;ynÞ
 sin 2h on @Xk; ð3:11Þ
D21w3 ¼ 4 ðD1w2Þ;xn þ ðD1w2Þ;yg
h i
 ðD1w1Þ;xx þ ðD1w1Þ;yy
h i
 4 w1;xxnn þ 2w1;xyng þw1;yygg
 
; ð3:12Þ
L1½w3	 ¼ L2½w0	  3 w1;xxn þw2;ygg
 
sin h 1þ ð1 mÞ cos2 h 
 w1;yyn þ 2w1;xyg þ 2w2;yng þw2;xgg
 
 cos h 1þ ð1 mÞ 1 3 sin2 h
 	h i
 ðw1;xxg þ 2w1;xyn
þ 2w2;xng þw2;ynnÞ sin h 1þ ð1 3 cos2 hÞ
 
on @Xk; ð3:13Þ
M1½w3	 ¼ 2ðw1;xn þw2;xnÞ 1 ð1 mÞ sin2 h
h i
 2ðw1;yg
þw2;ygÞ 1 ð1 mÞ cos2 h
  ð1 mÞðw1;xy
þw1;xg þw1;yn þw2;xg þw2;ynÞ sin 2h on @Xk; ð3:14Þ
D2w0 þ D21w4 þ 4 ðD1w3Þ;xn þ ðD1w3Þ;yg
h i
þ 2 ðD1w2Þ;xx þ ðD1w2Þ;yyþ
h
þ2ðw2;xxnn þw2;yygg þ 2w2;xyngÞ

¼ qðx; yÞ=D;
ð3:15Þ
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h i
 ð3w3;ygg þ 2w2;yyg þw1;yyyÞ sin h 1þ ð1 mÞ cos2 h
 
 ðw3;xxg þ 2w3;ygn þ 2w2;yxg þw2;yyn þw1;yyxÞ
 cos h 1þ ð1 mÞð1 3 sinÞ½ 	
 ðw3;ynn þ 2w3;xng þ 2w2;xyn þw2;xxg þw1;xxyÞ
 sin h 1þ ð1 mÞð1 3 cos2 hÞ  on @Xk; ð3:16Þ
M1½w4	 ¼ ð2w3;xn þw2;xxÞ 1 ð1 mÞ sin2 h
h i
 ð2w3;yg þw2;yyÞ 1 ð1 mÞ cos2 h
 
 ð1 mÞðw3;yn þw3;xg þw2;xyÞ sin 2h on @Xk; ð3:17Þ
where D1 = D, M2 =M1, L2 = L1 for nM x, gM y.
It is easy to see that function w1 = C(x,y) represents a solution of
the problem (3.6)–(3.8). Taking into account conditions (3.4) on
the outer boundary @X, we obtain that w1 = 0.
Thus, the above recurrent system of problems becomes consid-
erably simpler.
Application of the averaging operator (2.10) to the Eq. (3.15) on
account of Eqs. (3.16) and (3.17) yields
1
jXkj
Z Z
Xk
3ðw2;xxnn þw2;yyggÞ þ mðw2;xxgg þw2;yynn þ 4w2;xyngÞ

þw3;xnnn þw3;yggg  ð2 3mÞðw3;xngg þw3;ygnnÞ

dndg
þ Dw0 ¼ qðx; yÞ=D ð3:18Þ
To solve the unit cell problem we apply the method of perturbation
of the shape of the boundary described in the Section 2. We approx-
imate the equation of boundary of the hole @Xk by expression
(2.13). In the ﬁrst approximation, assuming that the hole is small,
we turn to the problem (3.9)–(3.11) in the inﬁnite domain, which
in the polar coordinates takes the following form:
D2qw2 ¼ 0; ð3:19Þ
L3½w2	 þ ð1 mÞ L3½w3	 w2;qqq  1R ð1 e1 cos 4uÞw2;qq

þ 1
R3
ð1 3e1 cos 4uÞw2;uuþþ 1
R2
ð1 2e1 cos 4uÞw2;q
 12 1
R
w2;qqu  2
R2
w2;qu þ 2
R3
w2;u
 
e1 sin 4u

¼ 0
on q ¼ Rð1þ e1 cos 4uÞ; ð3:20Þ
M3½w2	  ð1 mÞ M3½w3	 w2;qq  8 1Rw2;qu 
1
R2
w2;u
 
e1 sin 4u
 
¼ Dw0 þ 12 ð1 mÞ w0;xxð1 cos 2uþ 4e1 cos 6uÞ½
þw0;yyð1þ cos 2u 4e1 cos 2uþ 4e1 cos 6uÞ
2w0;xyðsin 2uþ 4e1 sin 2uþ 4e1 sin 6uÞ

on q ¼ Rð1þ e1 cos 4uÞ;
ð3:21Þ
L3½w2	  w2;qqq þ 1
R2
ð1 2e1 cos 4uÞw2;quu
þ 1
R
ð1 e1 cos 4uÞw2;qq  2
R3
ð1 3e1 cos 4uÞw2;uu
 1
R2
ð1 2e1 cos 4uÞw2;q
þ 4 1
R
w2;qqu þ 1
R3
w2;uuu þ 1
R2
w2;qu
 
e1 sin 4u;
M3½w2	  w2;qq þ 1R ð1 e1 cos 4uÞw2;q þ
1
R2
ð1 2e1 cos 4uÞw2;uu:Solution of the boundary-value problem (3.19)–(3.21) is ex-
pressed in form of expansion in powers of e1
w2ðq;uÞ ¼ w20ðq;uÞ þ e1w21ðq;uÞ þ e21w22ðq;uÞ þ . . . ð3:22Þ
Substituting expansion (3.22) into the Eqs. (3.19)–(3.21) and
taking into account Eq. (2.18), we obtain the following recurrent
sequence of boundary-value problems:
D2qw20 ¼ 0; ð3:23Þ
L4½w20	 ¼ 0 on q ¼ R; ð3:24Þ
ðM4½w20	 ¼ Dw0 þ 12 ð1 mÞ w0;xxð1 cos 2uÞ½
þw0;yyð1þ cos 2uÞ  2w0;xy sin 2u

on q ¼ R; ð3:25Þ
D2qw21 ¼ 0; ð3:26Þ
L4½w21	 ¼ L5½w20	  ð1 mÞ L5½w20	  2
R2
w20;q  2Rw20;qq

þ 3
R3
w20;uu þw20;qqq  1
R2
w20;quu þ Rw20;qqqq

cos 4u
 12 2
R3
w20;u  2
R2
w20;qu þ 1Rw20;qqu
 
sin 4u
)
on q ¼ R;
ð3:27Þ
M4½w21	 ¼ 2ð1 mÞ ðw0;xx w0;yyÞðcos 2u cos 6uÞ

 2w0;yyðsin 2uþ sin 6uÞ
þM5½w20	
 m M5½w20	 þ Rw20;qqq  1Rw20;q þw20;qq

 2
R2
w20;uu þ 1Rw20;vuq

cos 4u

on q ¼ R; ð3:28Þ
where
L4½w20	  w20;qqq þ 1
R2
w20;quu þ 1Rw20;qq 
2
R3
w20;uu  1
R2
w20;q
þ ð1 mÞ
R2
w20;quu  1Rw20;uu
 
;
M4½w20	  w20;qq þ mR
1
R
w20;uu þw20;q
 
;
L5½w20	  2
R2
w20;q  2Rw20;qq þ
6
R3
w20;uu þw20;qqq

 4
R2
w20;quu þþRw20;qqqq þ 1Rw20;qquu

cos 4u
þ 4 1
R2
w20;qu þ 1Rw20;qqu þ
1
R3
w20;uuu
 
sin 4u;
M5½w20	  Rw20;qqq cos 4uþ 8R
1
R
w20;u w20;qu
 
sin 4u;
L4½w20	 ¼ L4½w21	; M4½w20	 ¼ M4½w21	:
Solution of boundary-value problems (3.23)–(3.25) and (3.26)–
(3.28) on account of decaying conditions for q?1 can be
expressed as follows (Timoshenko and Woinowsky-Krieger, 1987):
F0ðqÞ þ
X
k¼2;4;6;...
FkðqÞ cos ku; ð3:29Þ
F0ðqÞ ¼ C01 lnqþ C02q2 lnq; ð3:30Þ
FkðqÞ ¼ Ck1qk þ Ck2qk2; k ¼ 2;4;6; . . . ð3:31Þ
Fig. 4. Coefﬁcients A (curve 1) and B (curve 2) of the homogenized Eq. (3.38) for
e = 0.125, m = 0.
Fig. 5. Coefﬁcients A (curve 1) and B (curve 2) of the homogenized Eq. (3.38) for
e = 0.125, m = 0.3.
Fig. 6. Plate with the central circ
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the Appendix A.
After substituting Eqs. (3.29)–(3.31) into the Eqs. (3.23)–(3.25)
and (3.26)–(3.28) and some algebraic transformation one obtains
w2ðq;uÞ ¼ C200 lnqþ D200q2 lnqþ B202q2 þ D202
 
cos 2u
þ B0202q2 þ D0202
 
sin 2uþ e1 B212q2 þ D212
 
cos 2u

þ B0212q2 þ D0212
 
sin 2uþ B214q4 þ D214q2
 
cos 4u
þ B0214q4 þ D0214q2
 
sin 4uþ B216q6 þ D216q4
 
cos 6u
þ B0216q6 þ D0216q4
 
sin 6u
þ . . . ð3:32Þ
In the Cartesian coordinate system Eq. (3.32) yields
w2ðx; y; n;gÞ ¼ 12C200 lnN þ N
2 B202M þ 2B0202Q
 
þ N1 D202M þ 2D0202Q
 þ e1 N2 B212M þ 2B0212Q h
þ N1 D212M þ 2D0212Q
 þ N4 B214Lþ 4B0214QM 
þ N6 B216MK þ 2B0216QP
 þ N5 D216MK þ 2D0216QP i;
ð3:33Þ
where
K ¼ n4  14n2g2 þ g4; L ¼ n4  6n2g2 þ g4;
M ¼ n2  g2;N ¼ n2 þ g2; P ¼ 3n4  10n2g2 þ 3g4;
Q = ng, and C200;B202;B0202;D202; . . . are the coefﬁcients, with analyti-
cal expressions given in the Appendix B.
The obtained solution leaves the discrepancy in the conditions
of periodic continuation, which can be compensated by the solu-
tion W2 of the boundary-value problem formulated below for the
region without the hole. In the calculation of the discrepancy only
the main terms of expansion are considered, as a result we come to
the following boundary-value problems:
D21W
¼
2 0; ð3:34Þ
W2jn¼an¼a ¼ f1ðgÞ; W2;njn¼an¼a ¼ f2ðgÞ;
W2;nnjn¼an¼a ¼ f3ðgÞ; W2;nnnjn¼an¼a ¼ f4ðgÞ; ð3:35Þular (a) and square (b) hole.
Fig. 7. Plot of non-dimensional displacement w ¼ Dw=ðPa4Þ in the point ðb;0Þ vs.
aspect ratio b=a in the case of circular hole: curve 1 – our results, curve 2 – result of
application of the Fourier method (Pickett, 1965).
Fig. 8. Plot of non-dimensional moment M ¼ My=Pa2 in the point ðb;0Þ vs. aspect
ratio b=a in the case of circular hole: curve 1 - our results, curve 2 - result of
application of the Fourier method (Pickett, 1965).
Fig. 9. Non-dimensional displacement w ¼ Dw=ðPa4Þ along the edge x ¼ b of the
central square hole with aspect ratio b=a ¼ 0:1: curve 1 – our results; curve 2 –
result of application of the Fourier method (Pickett, 1965). Note that in view of the
rounded corners in our method, the curve 1 was calculated up to the value
y=a ¼ 0:08, and then the displacement values were extrapolated up to the corner.
Fig. 10. Non-dimensional moment M ¼ My=Pa2 along the edge x ¼ b of the central
square hole with aspect ratio b=a ¼ 0:1: curve 1 – our results; curve 2 – result of
application of the Fourier method (Pickett, 1965).
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24gLD/N4 for n = a,a ¼ e1a:
The boundary conditions, which connect sides g = ±a are obtained
from Eq. (3.35) by the replacement gM n.
The analytical solution of the boundary-value problem (3.34)
and (3.35) can be written as follows:
W2 ¼
X
n¼1
"
Að21Þn sinh
npg
a
þ Bð21Þn cosh
npg
a
þ Cð21Þn g sinh
npg
a

þ Dð21Þn g cosh
npg
a
	
cos
npn
a
þ Að22Þn sinh
npn
a
þ Bð22Þn cosh
npn
a

þ Cð22Þn n sinh
npn
a
þ Dð22Þn n cosh
npn
a

cos
npg
a
#
; ð3:36Þwhere Að21Þn ; B
ð21Þ
n ; . . . are the coefﬁcients, with analytical expres-
sions given in the Appendix B.
In order to solve the local boundary-value problem (3.12)–
(3.14) we ﬁrst ﬁnd the particular solution of nonhomogeneous
Eq. (3.12) w3p. We further present the solution of the boundary-va-
lue problem (3.12)–(3.14) in the form w3 =w3p + w3g, and obtain
the following boundary-value problem:
D21w3g ¼ 0
L1½w3p þw3g 	 ¼ L2½w0	  3 w1;xxn þw2;ygg
 
sin h 1þ ð1 mÞ cos2 h 
 w1;yyn þ 2w1;xyg þ 2w2;yng þw2;xgg
 
 cos h 1þ ð1 mÞ 1 3 sin2 h
 	h i
 ðw1;xxg þ 2w1;xyn þ 2w2;xng þw2;ynnÞ
 sin h 1þ ð1 3 cos2 hÞ  on @Xk
M1½w3p þw3g 	 ¼ 2ðw1;xn þw2;xnÞ 1 ð1 mÞ sin2 h
h i
 2ðw1;yg
þw2;ygÞ 1 ð1 mÞ cos2 h
  ð1 mÞðw1;xy þw1;xg
þw1;yn þw2;xg þw2;ynÞ sin 2h on @Xk
Using the same approach as was used for the local boundary-
value problem (3.9)–(3.11), we obtain
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11
3
 
D200;xnþ D200;y
 
 1
2
N1 D202;x  D0202;y
 	
nS D202;y þ D0202;x
 	
gS1
h i
þ N1 C301 þ e1C311ð Þnþ ðC0311Þg
 
þ 1
2
‘nN D301 þ e1D311ð Þnþ D0301 þ e1D0311
 
g
 
þ N3 B303 þ e1B313ð ÞnSþ B0303 þ e1B0313
 
gS1
 
þ N2 D303 þ e1D313ð ÞnSþ D0303 þ e1D0313
 
gS1
 
 1
2
e1 N1 D212;x  D0212;y
 	
nS D212;y þ D0212;x
 	
gS1
h in
þ N3 D214;x  D0214;y
 	
nT þ D214;yD0x
 
gT1
h i
þ N5 D216;x  D0216;y
 	
nH  D216;y þ D0216;x
 	
gH1
h io
þ
X
n¼1
Að31Þn sinh
npg
a
þ Bð31Þn cosh
npg
a
h
þ Cð31Þg sinhnpg
a
þ Dð31Þn g cosh
npg
a
	
cos
npn
a
þ Að32Þn sinh
npn
a
þ Bð32Þn cosh
npn
a
þ Cð31Þn n sinhh
npn
a

þ Dð31Þn n cosh
npn
a

cos
npg
a

; ð3:37Þ
where
S ¼ n2  3g2; T ¼ n4  10n2g2 þ 5g4;
H ¼ n6  21n4g2 þ 35n2g4  7g6; S1 ¼ S; T1 ¼ T;
H1 = H for n$ g; B303; B0303; C301; C0301; D301; D0301; . . . are the coef-
ﬁcients, analytical expressions for which are derived and given in
the Appendix B.
Substituting the obtained solutions of local boundary-value
problems (3.9)–(3.11) and (3.12)–(3.14) into the Eq. (3.18), we ob-
tain the following homogenized equation:
Aðw0;xxxx þw0;yyyyÞ þ 2Bw0;xxyy ¼ qðx; yÞ=D; ð3:38Þ
where A and B are the coefﬁcients, with analytical expressions given
in the Appendix B.
The homogenized boundary conditions on the outer boundary
of plate have the form
w0 ¼ 0;Mn0 ¼ 0 on @X: ð3:39Þ
Coefﬁcients A and B of the homogenized Eq. (3.38) are plotted in
the Figs. 4 and 5 for e = 0.125, m = 0 and m = 0.3 respectively. We as-
sumed e1 = 1/9 in these calculations.
4. Error estimations
In the previous sections we used the combination of methods of
perturbation of the shape of the boundary and the Schwarz
alternating method to solve the unit cell problems. For evaluating
the accuracy of this approach let us examine a problem of bending
of a square plate with a simply supported outer boundary and with
a central circular or square hole with a free boundary, see Fig. 6(a)
and (b). Assume that this plate is subject to a transverse load P uni-
formly distributed over the plate’s surface. The deﬂection of the
plate satisﬁes the biharmonic equation
Dðw;xxxx þ 2w;xxyy þw;yyyyÞ ¼ P ð4:1Þ
and the following boundary conditions:ðDwÞnk  ð1 mÞ
1
2
ðw;xx w;yyÞ sin2aw;xy cos 2a

 
;sk ¼ 0 on @Xk;
ð4:2Þ
Dwþ ð1 mÞ w;xy sin2aw;xx sin2 aw;yy cos2 a
 	
¼ 0 on @Xk;
ð4:3Þ
w ¼ 0; w;xx ¼ 0 for x ¼ 
a; ð4:4Þ
w ¼ 0; w;yy ¼ 0 for y ¼ 
a: ð4:5Þ
The results of calculations are shown in the Figs. 7–10, where
the non-dimensional deﬂection w ¼ Dw=ðPa4Þ and bending mo-
ment M ¼ My=Pa2 are plotted. It was assumed that m = 0.3.
In the case of circular hole shown in the Fig. 6(a) we evaluate
the accuracy of the Schwarz alternating method. And in the case
of square hole shown in the Fig. 6(b) we evaluate the accuracy of
the combination of methods of perturbation of the shape of the
boundary and the Schwarz alternating method.
Results for the circular hole are presented in the Figs. 7 and 8,
where the deﬂection and bending moment in the point ðb;0Þ are
plotted vs. aspect ratio b=a. The comparison of the results obtained
with our method (curves 1) with the results obtained using the
Fourier method (Pickett, 1965) (curves 2) shows that the method
of asymptotic expansions in terms of size of the domain provides
satisfactory results.
Results for the square hole are presented in the Figs. 9 and 10,
where the deﬂection and bending moment along the edge x ¼ b
of the central square hole are plotted. The comparison of the re-
sults obtained with our method (curves 1) with the results ob-
tained using the Fourier method (Pickett, 1965) (curves 2)
demonstrates that the combination of methods of perturbation of
shape of the boundary and the Schwarz alternating method pro-
vides satisfactory results. The discrepancies between these results
for deﬂection are less than 3%, and for bending moments – less
than 10%.5. Conclusions, generalizations and open problems
Elasticity problems for the plates, membranes and rods period-
ically perforated by small holes of different shapes are studied,
and the analytical solutions are obtained using the asymptotic ap-
proach based on the combination of the asymptotic technique
and the multi-scale homogenization method. The problems of tor-
sion of a rod with perforated cross-section; deﬂection of the per-
forated membrane loaded by a transverse load; and bending of
perforated plates with circular and square holes are analyzed con-
secutively. The error of the applied asymptotic techniques is esti-
mated and the high accuracy of the obtained solutions is
demonstrated.
Present paper is concentrated on the static problems for the
perforated plates and membranes with small holes. Static and dy-
namic problems for the perforated plates and membranes with
large holes are addresses in the Part 2 of the present work, see
Andrianov et al. (2012), where the matching of limiting solutions
for small and large holes using the two-point Padé approximants
is also accomplished, and the analytical expressions for the effec-
tive stiffnesses of perforated plates with holes of arbitrary sizes
are derived.
The asymptotic homogenization technique used in the present
work can be further adapted in the following directions:
(i) Application of the boundary layers to describe the stress–
strain state in the neighborhood of the edge of perforated
plates. Although ﬁnding the explicit analytical solutions of
boundary-layer problems in the theory of homogenization
still remains an open problem, the effective analytical and
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(1992), Kalamkarov and Georgiades (2002) and Versieux
and Sarkis (2006).
(ii) Account of singularities of solution in the presence of corner
points in the domain, see, e.g., Blanc and Nazarov (1997).
(iii) Practically important problems for the inhomogeneous com-
posite materials with inclusions of different shapes instead
of perforations.
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Asymptotic techniquebased on a small parameter characterizing
certain dimensions of the domain is one of themost frequently used
approaches inmechanics. As a rule, application of this technique im-
plies that the sufﬁciently large domain is substituted by an inﬁnite
or semi-inﬁnite region, which substantially simpliﬁes the solution
of the problem at hand. However, the following difﬁculty occurs in
this approach, namely, the uniqueness of the solution may disap-
pear if the ﬁniteness of the integral of energy cannot be ensured,
see Parton and Perlin (1984). Therefore the problem of selection of
the required solution arises. In such situation the procedure of the
regularization of the solution can be used. This approach is de-
scribed below by an example of bending of a circular plate with a
central circular hole. The plate is subject to the uniformly distrib-
uted load, and the boundary of the hole is free of load.
After obtaining the particular solution of the non-homogeneous
equation, with the non-zero right side, it is possible to turn to the
boundary-value problem for the homogeneous equation with non-
homogeneous boundary conditions. If the radius R of the hole is
small in comparison with the dimensions of the plate, then in
the ﬁrst approximation, it is possible to consider a problem of
bending of the inﬁnite plane with a circular hole instead of the ori-
ginal problem for a plate. This problem can be formulated in the
polar coordinate system as follows:
D2qw ¼ 0; ðA1:1Þ
L1½w	  w;qqq þ q2w;quu þ q1w;qq  2q3w;uu  q2w;q
þ ð1 mÞ q2w;quu  q3w;uu
 
¼ F1ðuÞ on q ¼ R; ðA1:2Þ
L2½w	  w;qqþ m q2w;uu  q1w;q
  ¼ F2ðuÞ on q ¼ R: ðA1:3Þ
Let us represent the right sides of boundary conditions (A1.2)
and (A1.3) in the form of Fourier seriesF1ðuÞ ¼ f0 þ
X1
n¼1
ðfn cosnuþ f 0n sinnuÞ;
F2ðuÞ ¼ w0 þ
X1
n¼1
ðwn cosnuþ w0n sinnuÞ: ðA1:4ÞThen the solution of boundary-value problem (A1.1–A1.3) can
be obtained as the sum w = w0 +w1 of the solutions of the follow-
ing two boundary-value problems:D2qw0 ¼ 0; ðA1:5Þ
L1½w0	 ¼ f0 on q ¼ R ðA1:6Þ
L2½w0	 ¼ w0 on q ¼ R ðA1:7Þ
D2qw1 ¼ 0; ðA1:8Þ
L1½w1	 ¼
X
n¼1
fn cosnuþ f 0n sinnu
 
on q ¼ R; ðA1:9Þ
L2½w1	 ¼
X
n¼1
wn cosnuþ w0n sinnu
 
on q ¼ R: ðA1:10Þ
Solution of boundary-value problem (A1.5)–(A1.3), is not un-
ique. In order to select the required unique solution, a ﬁctitious
elastic foundation with the coefﬁcient k is introduced and the fol-
lowing problem of symmetrical bending of a plane with the circu-
lar hole on this foundation is considered:
DD21w0 ¼ kw1; ðA1:11Þ
L1½w0	 ¼ f0 on q ¼ R; ðA1:12Þ
L2½w0	 ¼ w0 on q ¼ R: ðA1:13Þ
Solution of the problem (A1.1)–(A1.3) can be written as follows
(Timoshenko and Woinowsky-Krieger, 1987):
w0 ¼ C1BerZþ C2BeiZþ C3KerZþ C4KeiZ; ðA1:14Þ
where Z ¼ q
ﬃﬃﬃﬃﬃﬃﬃﬃ
k=D
p
, and BerZ, BeiZ, KerZ, KeiZ are the Kelvin
functions.
Functions BerZ and BeiZ grow unlimitedly with an increase of
argument (Abramowitz and Stegun, 1965). Therefore, taking into
account decaying condition at inﬁnity, we obtain C1 = C2 = 0, and,
therefore, Eq. (A1.14) yields
w0 ¼ C3KerZþ C4KeiZ: ðA1:15Þ
Using asymptotic expressions for the functions KerZ and KeiZ
for the small values of argument Z (see, e.g., Abramowitz and Ste-
gun, 1965), and retaining only ﬁrst terms for k? 0, we obtain the
following solution of boundary-value problem (A1.5)–(A1.7):
w0 ¼ C11 lnqþ C22q2 lnq; where C11;C22 ¼ const: ðA1:16Þ
The solution of boundary-value problem (A1.8)–(A1.10) can be
obtained easily. Note that solution of the problem of bending of
plane with the hole leaves the discrepancy in the boundary condi-
tions on the outer boundary of the plate, which can be compen-
sated by the solution of boundary-value problem for the original
domain without hole.Appendix B. Formulae for the coefﬁcients of the Eqs. (3.33),
(3.36), (3.37), and (3.38)
Coefﬁcients of Eqs. (3.33) and (3.37)
C200 ¼ ðw0;xx þw0;yyÞC200; B202 ¼ ðw0;xx w0;yyÞB202;
D202 ¼ ðw0;xx w0;yyÞD202; B0214 ¼ 0;
B0202 ¼ w0;xyB0202; D0202 ¼ w0;xyD0202;
B212 ¼ ðw0;xx w0;yyÞB212; D212 ¼ ðw0;xx w0;yyÞD212;
B0212 ¼ w0;xyB0212; B214 ¼ ðw0;xx þw0;yyÞB214;
D0212 ¼ w0;xyD0212; D214 ¼ ðw0;xx þw0;yyÞD214;
D0214 ¼ 0; B216 ¼ ðw0;xx w0;yyÞB216;
D216 ¼ ðw0;xx w0;yyÞD216; B0216 ¼ w0;xyB0216;
D0216 ¼ w0;xyD0216:
ðA2:1Þ
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C200¼ð1þmÞ 2ð1mÞ½ 	1R2; B202¼ð3mÞ 12ð3þmÞ½ 	1R4;
D202¼ð1mÞ 4ð3þmÞ½ 	1R2;
D212¼ð6þ17mÞð3þmÞ1B202þð5m23m4Þ ð1mÞð3þmÞ½ 	1
R2D202þð3mÞ 3ð3þmÞ½ 	1R4;
B212¼45ð1mÞ 2ð3þmÞR2
h i1
B202ð1113mÞ 2ð3þmÞ½ 	1
D202ð1mÞð3þmÞ1R2;
B0202¼2B212; B0212¼2B212; D0202¼2D212;
B214¼ð2mÞ 5ð113mÞ½ 	1R4C200;
B0216¼2B216; D214¼ð1mÞ 3ð113mÞ½ 	1R2C200;
D0212¼2D212; D0216¼2D216;
B216¼ð61þ4mÞ 21ð3þmÞ½ 	1R4B202ð10m2þ17m53Þ
 63ð1mÞð3þmÞ½ 	1R6D202ð53mÞ 21ð3þmÞ½ 	1R8;
D216¼7ð1mÞ 10ð3þmÞ½ 	1m
R2B202þð1þmÞ 30ð3þmÞ½ 	1R4D202ð1mÞ 5ð3þmÞ½ 	1R6: ðA2:2Þ
Coefﬁcients of Eqs. (3.36) and (3.37), see also Eq. (A2.7)
Að21Þn ¼ w0xyAð21Þn ; Bð21Þn ¼ w0;xyBð21Þn ;
Cð21Þn ¼ w0;xyCð21Þn ; Dð21Þn ¼ w0;xyDð21Þn ;
Að22Þn ¼ w0;xyAð22Þn ; Bð22Þn ¼ w0;xyBð22Þn ;
Cð22Þn ¼ w0;xyCð22Þn ;
Dð22Þn ¼ w0;xyDð22Þn ; Að31Þn ¼ ðw0;xxx þw0;xyyÞAð31Þn ;
Bð31Þn ¼ ðw0;yyy þw0;yxxÞBð31Þn ;
Cð31Þn ¼ ðw0;yyy þw0;yxxÞCð31Þn ; Dð31Þn ¼ ðw0;xxx þw0;xyyÞDð31Þn ;
Að32Þn ¼ ðw0;xxx þw0;xyyÞAð32Þn ;
Bð32Þn ¼ ðw0;yyy þw0;yxxÞBð32Þn ; Cð32Þn ¼ ðw0;yyy þw0;yxxÞCð32Þn ;
Dð32Þn ¼ ðw0;xxx þw0;xyyÞDð32Þn : ðA2:3Þ
Coefﬁcients of Eq. (A2.3), see also Eq. (A2.9)
Að21Þn ¼ 2 sinh npþnp cosh npð ÞKð11Þn 
a2
np cosh npK
ð13Þ
n

 
4sinh2np
 	1
;
Bð21Þn ¼
3a
np
sinh npþa cosh np
 
Kð12Þn 
a
np
sinh npþa cosh np
 	
a2Kð14Þn

 
4sinh2np
 	1
;
ðA2:4Þ
Cð21Þn ¼ a2Kð14Þn Kð12Þn
h i
4sinh2np
 	1
; Dð21Þn ¼
a
np
Kð13Þn 
np
a
Kð11Þn
 	
4 sinh npð Þ1 ;
Að22Þn ¼ Að21Þn ; Bð22Þn ¼ Bð21Þn ; Cð22Þn ¼ Cð21Þn ; Dð22Þn ¼Dð21Þn :
Coefﬁcients of Eq. (A2.4)
Kð11Þn ¼ 4D
Z a
a
nða2 þ n2Þ1 cosnpn
a
dn;
Kð12Þn ¼ 4Da1
Z a
a
nða2  n2Þða2 þ n2Þ2 cosnpn
a
dn;
Kð13Þn ¼ 8D
Z a
a
nða2  3n2Þða2 þ n2Þ3 cosnpn
a
dn; ðA2:5Þ
Kð14Þn ¼ 24Da1
Z a
a
nða2  6a2n2 þ n4Þða2 þ n2Þ4 cosnpn
a
dn;
D ¼ D0202 þ e1D0212:Remaining coefﬁcients of Eq. (3.37)
C301 ¼ ðw0;xxx þw0;xyyÞC301; D301 ¼ ðw0;xxx þw0;xyyÞD301;
C0301 ¼ ðw0;yyy þw0;yxxÞC 0301;
D0301 ¼ ðw0;yyy þw0;yxxÞD0301; B303 ¼ ðw0;xxx  3w0;xyyÞB303; ðA2:6Þ
D303 ¼ ðw0;xxx  3w0;xyyÞD303;
B0303 ¼ ðw0;yyy  3w0;yxxÞB0303; D0303 ¼ ðw0;yyy  3w0;yxxÞD0303;
C311 ¼ ðw0;xxx  3w0;xyyÞC311
D311 ¼ ðw0;xxx  3w0;xyyÞD311; C 0311 ¼ ðw0;yyy  3w0;yxxÞC 0311;
D0311 ¼ ðw0;yyy  3w0;yxxÞD0311;
B313 ¼ ðw0;xxx þw0;xyyÞB313; D313 ¼ ðw0;xxx þw0;xyyÞD313;
B0313 ¼ ðw0;xxx þw0;xyyÞB0313
D0313 ¼ ðw0;yyy þw0;yxxÞD0313:
Coefﬁcients of Eq. (A2.7)
C301 ¼ ðm2 þ 4m 5Þ 8ð1 mÞ½ 	1R2C200
þ ð1þ mÞð6 mÞ 4ð1 mÞ½ 	1R4 lnRD200
þ ð13m2  32m 109Þ 24ð1 mÞ½ 	1R4D200
þ ð15þ 7mÞ81B202  ðm2 þ m 4Þ 4ð1 mÞ½ 	1R2D202
 ð5 mÞð1þ mÞ 32ð1 mÞ½ 	1R4;
D301 ¼ ð3þ mÞ41C200  ð2 mÞ21R2 lnRD200
þ 13ð1 mÞ121R2D200  7ð1 mÞð4R2Þ1B202
 ð4 mÞ21D202 þ ð5 mÞ161R2;
B303 ¼ ðm2 þ 18m 19Þ 24ð1 mÞð3þ mÞ½ 	1R2B202
 ðm2  mþ 4Þ 36ð1 mÞð3þ mÞ½ 	1R4D202
 ð1 5mÞ 288ð3þ mÞ½ 	1R6;
D303 ¼ ð7þ mÞ 4ð3þ mÞ½ 	1B202 þ ð4þ mÞ 6ð3þ mÞ½ 	1R2D202
þ ð1 mÞ 48ð3þ mÞ½ 	1R4;
C311 ¼ 9ð65þ 49mÞð16R2Þ1B303
þ 3ð71m2 þ 32m 129Þ 16ð1 mÞ½ 	1D303
 3ð1þ mÞð3 mÞ 8ð1 mÞ½ 	1B202
 ð13m2  m 20Þ 8ð1 mÞ½ 	1R2D202 þþð15þ 7mÞ81B212
 ðm2 þ m 4Þ 4ð1 mÞ½ 	1R2D212  3ð1þ mÞ161R4; ðA2:7Þ
D311 ¼ 441ð1 mÞð8R4Þ1B303 þ 3ð63m2  71mÞð8R2Þ1D303
 0:75ð1þ mÞR2B202  0:25ð20 13mÞD202
 ð1 mÞR2B212  0:5ð4 mÞD212 þ 0:375ð1 mÞR2;
B313¼ð49þ75mÞ 48ð3þmÞ½ 	1R2C301
 2ð11m2þ53m84Þð1mÞð15mÞ lnR 
 144ð1mÞð3þmÞ½ 	1R4D301
þð19m253mþ92Þ 72ð1mÞð3þmÞ½ 	1R4C200
þ 590m2þ1835mþ81918ð3m212mþ1Þ lnR 
 48ð1mÞð3þmÞ½ 	1R6D200þ10ð73mÞ 48ð3þmÞ½ 	1R2B202
ð53m217m64Þ 72ð1mÞð3þmÞ½ 	1R4D202
ðm2þ18m19Þ 24ð1mÞð3þmÞ½ 	1R2B212
ðm2mþ4Þ 36ð1mÞð3þmÞ½ 	1R4D212
þð9þ19mÞ 12ð3þmÞ½ 	1B214ð23m228m3Þ
 72ð1mÞð3þmÞ½ 	1R2D214
ð5mÞð15mÞ 144ð1mÞð3þmÞ½ 	1R6;
I.V. Andrianov et al. / International Journal of Solids and Structures 49 (2012) 298–310 309D313 ¼ 33ð1 mÞ 24ð3þ mÞ½ 	1C301
 6 4mþ ð1 mÞ lnR½ 	 24ð3þ mÞ½ 	1R2D301
 ð2 mÞ 12ð3þ mÞ½ 	1R2C200
þ 639m2 þ 226þ 18ð1 mÞ lnR  2ð3þ mÞ½ 	1R4D200
 5ð1 mÞ 4ð3þ mÞ½ 	1B202 þ ð8 7mÞ 12ð3þ mÞ½ 	1R2D202
 ð7þ mÞ 4ð3þ mÞ½ 	1B212 þ ð4þ mÞ 6ð3þ mÞ½ 	1R2D212
þ 3ð1 mÞ 2ð3þ mÞR2
h i1
B214 þ 3ð3 mÞ 4ð3þ mÞ½ 	1D214
þ ð5 mÞ 24ð3þ mÞ½ 	1R4;
B0303 ¼ B303; B0313 ¼ B313; C 0301 ¼ C301; C0311 ¼ C311;
D0301 ¼ D301; D0303 ¼ D303; D0311 ¼ D311; D0313 ¼ D313:
Remaining coefﬁcients of Eq. (A2.3)
Að31Þn ¼ Að21Þn ; Bð31Þn ¼ Bð21Þn ; Cð31Þn ¼ Cð21Þn ; Dð31Þn ¼ Dð21Þn ;
Kð11Þn $ Lð11Þn ; Kð12Þn $ Lð12Þn ; Kð13Þn $ Lð13Þn ; Kð14Þn $ Lð14Þn
 	
; ðA2:8Þ
Að32Þn ¼ Að31Þn ; Bð32Þn ¼ Bð31Þn ; Cð32Þn ¼ Cð31Þn ; Dð32Þn ¼ Dð31Þn ;
Lð11Þn ¼
Z a
a
ða2 þ n2Þ lnða2 þ n2Þ  11=3 D200
 2ða2 þ n2Þ1C301  lnða2 þ n2ÞD301
o
cos
npn
a
dn;
Lð12Þn ¼
Z a
a
2n lnða2 þ n2Þ  8=3 D200
þ 4nða2 þ n2Þ2C 0301  2nða2 þ n2Þ1D0301
o
cos
npn
a
dn;
Lð13Þn ¼
Z a
a
2 2a2ða2 þ n2Þ1 þ 3 lnða2 þ n2Þ  8
h i
D200
n
þ 4ð3n2  a2Þ  ða2 þ n2Þ3C301
 2 3n2 þ a2 ða2 þ n2Þ2D301o cosnpna dn;
Lð14Þn ¼ 4
Z a
a
nð3n2  a2Þða2 þ n2Þ2D200
h
 12nðn2  a2Þða2 þ n2Þ4C 0301 þ 2n3ða2 þ n2Þ3D0301
i
cos
npn
a
dn:
Coefﬁcients of Eq. (3.38)
A ¼ 1þ 1jXkj
Z Z
Xk
3F1;gg þ mF1;nn þ F2;nnn  2 3mð ÞF2;ngg
 
dndg;
B ¼ 1þ 1jXkj
Z Z
Xk
F3;nn þ F4;gg þ 4mF5;ng

þ 1
2
F6;nnn þ F7;ggg  ð2 3mÞ F6;ngg þ F7;gnn
  
dndg;
F1 ¼ 12 C200 þ ND200
 	
lnN þMN1 B202N1 þ D202
 	
þ e1 MN1 B212N1 þ D212
 	
þ LN3 B214N1 þ D214
 	h
þMKN5 B216N1 þ D216
 	i
; ðA2:9ÞF2 ¼ 12 nNðlnN  11=3ÞD200  e1nN
3 D214T þ D216HN2
 	n
þ 2nN1 C301 þ e1C311
 	
þ n lnN D301 þ e1D311
 
þ nSN1  D202 þ e1D212
 þ 2N2 B303 þ e1B313 h
þ 2N1 D303 þ e1D313
 io
þ
X
n¼1
Að31Þn sinh
npg
a
þ Dð31Þn g cosh
npg
a
 	
cos
npn
a


þ Að32Þn sinh
npn
a
þ Dð32Þn n cosh
npn
a
 
cos
npg
a

;
F3 ¼ 12 ð3þ mÞ
1
2
C200 þ ND200
 	
lnN þ e1LN3 B214N1 þ D214
 	
 
 1
2
ð3 mÞ MN1 B202N1 þ D202
 	
þ e1 MN1 B212N1 þ D212
 	hn
þMKN5 B216N1 þ D216
 	io
;
F4 ¼ 12 ð3þ mÞ
1
2
C200 þ ND200
 	
lnN þ e1LN3 B214N1 þ D214
 	
 
þ 1
2
ð3 mÞ MN1 B202N1 þ D202
 	
þ e1 MN1 B212N1 þ D212
 	hn
þMKN5 B216N1 þ D216
 	io
;
F5 ¼ QN1 B0202N1 þ D0202 þ e1 B0212N1 þ D0212
hn
þ 2MN2 B0214N1 þ D0214
 	
þ PN1 B0216N1 þ D0216
 	io
þ 1
2
X
n¼1
Að21Þn sinh
npg
a
þ Bð21Þn cosh
npg
a
þ Cð21Þn g sinh
npg
a
h
þ Dð21Þn g cosh
npg
a
	
cos
npn
a
þ Að22Þn sinh
npn
a
þ Bð22Þn cosh
npn
a

þ Cð22Þn n sinh
npn
a
þ Dð22Þn n cosh
npn
a

cos
npg
a

;
F6 ¼ 12 nNðlnN  11=3ÞD200  e1nN
3 D214T  3D216HN2
 	n
þ 2nN1 C301  3e1C311
 	
þ n lnN D301  3e1D311
 
þ nSN1 3D202  e1D212  2N2 3B303  e1B313
 h
 2N1 3D303  e1D313
 io
þ
X
n¼1
Að31Þn sinh
npg
a
þ Dð31Þn g cosh
npg
a
 	
cos
npn
a


þ Að32Þn sinh
npn
a
þ Dð32Þn n cosh
npn
a
 
cos
npg
a

;
F7 ¼ 12 gNðlnN  11=3ÞD200  e1nN
3 D214T1  3D216H1N2
 	n
þ 2gN1 C301  3e1C311
 	
þ g lnN D0301  3e1D0311
 
þ gS1N1 3D202  e1D212 þ 2N2 3B0303  e1B0313
 h
þ 2N1 3D0303  e1D0313
 io
þ
X
n¼1
Bð31Þn cosh
npg
a
þ Cð31Þn g sinh
npg
a
 	
cos
npn
a


þ Bð32Þn cosh
npn
a
þ Cð32Þn n sinh
npn
a
 
cos
npg
a

:
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